
how to calculate the beta function

•beta function describes transverse motion of particles in 
synchrotrons and storage rings

•beta function formalism also may be applied to beam lines

•classic paper 
E. D. Courant and H. S. Snyder, Ann. Phys. 3, 1(1958)

•textbook
D. A. Edwards and M. J. Syphers, Introduction to the Physics 
of High Energy Accelerators (Wiley, 1993)

•on-line USPAS lectures
G. Dugan Introduction to Accelerator Physics (January, 2002) 



assumptions of elementary treatment

• bending and focusing elements have a 
horizontal median plane

• configuration of elements has a closed 
orbit for particles of momentum p, called 
the reference trajectory

• motion described with accelerator 
coordinates (s,x,z)



accelerator coordinates

magnetic midplane
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linearized equations of motion

x and z decoupled - use y for general coordinate

( ) 0y K s y′′ + =

differentiation with respect to s

d ds d dv
dt dt ds ds
= ≈



( )K srestoring force 
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periodicity condition

( ) ( )K s C K s+ = C ring circumference

( ) ( )K s L K s+ = L lattice period

L C N=



matrix formalism
for

( ) 0y K s y′′ + =
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initial conditions separated from transport from so to s

( )K s( )| oM s s between so to sdepends only on



( )| oM s s for various magnetic elements
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application of matrix formalism

transport through successive elements give by matrix multiplication

( ) ( ) ( )2 2 1 1| | |o oM s s M s s M s s=

unit determinant

( )1det | 1oM s s =

transport through one cell

( ) ( )|M s M s L s≡ +

transport through one period of N cells

( )[ ]NM s

transport through k periods

( )[ ]k NM s



stability condition I

( )
a b

M s
c d
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

all matrix elements of must remain finite as k →∞

M Y Yλ=consider eigenvalue problem

( ) 1 2oY s AV BV= +expand initial vector in eigenvectors

( ) 1 1 2 2
kN kN kN

oM Y s A V B Vλ λ= +transport through k periods

[ ] ( )2det 0 1 0M I a dλ λ λ− = → − + + =

eigenvalues from

define ( )1 1
2 2cos Tra d Mµ = + =



stability condition II

( )1 1
2 2cos Tra d Mµ = + =define

cos sin ii e µλ µ µ ±= ± =eigenvalues are

for stability

µ must be real

Tr 2M a d= + ≤

µ is the phase advance in one period



example - weak focusing ring
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CLS parameters
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continuous solution for CLS parameters

( ) ( )K s L K s+ =( ) 0y K s y′′ + = with

homogeneous Hill’s equation

phase - angle solution

( ) ( ) ( )( )cosy s Aw s sψ δ= +

compare to simple harmonic motion

( ) ( )cosy s A K s δ= +



the beta function I

assumed solution in equation of motion gives two equations

( )

( )

2

2

2 0

1

o

s

s

w w w

k
w

dss

ψ ψ ψ

ψ
β

ψ
β

′ ′ ′′ ′+ = =

↓

′ = ≡

↓

= ∫

( )

2

3 2

2 2

0

2 4 4

4 2 0

w w Kw

w w Kw k

K

K K

ψ

ββ β β

β β β

′′ ′− + =

↓

′′ + =

↓

′′ ′− + =

↓
′′′ ′ ′+ + =

4 0 for constantK Kβ β
↓

′′′ ′+ = =



solutions for K = 0 and K > 0
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simple analytic forms
need to determine integration constants



the beta function II

( )osβ ( )osβ ′find initial conditions

seek periodic solution ( ) ( )s L sβ β+ = (Floquet’s theorem)
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and
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the beta function III

( )o oy s y= ( )o oy s y′ ′= ( ) 0osψ =

transport from so to s1
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the beta function IV

transport through one period
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determines the values of the CLS functions at so

initial values determine integration constants in analytic forms



example g-2 ring I

transport through one period

0 1
2

3

4

0.832 10.288
0.030 0.832

0.112 7.842
0.126 0.112

v

h

P

P

⎛ ⎞
= ⎜ ⎟−⎝ ⎠

⎛ ⎞
= ⎜ ⎟−⎝ ⎠

calculate CLS parameters from P:
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example g-2 ring II
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example g-2 ring III
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at s1 evaluate CLS functions
and use as initial conditions for next section



example g-2 ring IV
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example g-2 ring V
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at s3 evaluate CLS functions
and use as initial conditions for next section, etc.



results for g-2 ring I
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results for g-2 ring II
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IDA program output I - g-2 ring



IDA program output II - g-2 ring
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